Abstract We show that the topological Hochschild homology T HH(R) of an E n -ring spectrum R is an E n−1 -ring spectrum.
In 1993 Deligne asked whether the Hochschild cochain complex of an associative ring has a canonical action by the singular chains of the little 2-cubes operad. Affirmative answers for differential graded algebras in characteristic 0 have been found by Kontsevich [13] , Tamarkin [16] and [17] , and Voronov [19] . A more general proof, which also applies to associative ring spectra is due to McClure and Smith [15] .
We consider the dual problem: Given a ring R with additional structure, how much structure does the topological Hochschild homology T HH(R) of R inherit from R? The close connection of T HH with algebraic K-theory and with structural questions in the category of spectra make multiplicative structures on T HH desirable.
In his early work on topological Hochschild homology of functors with smash product B"okstedt prove that T HH of commutative such functor is a commutative ring spectrum (unpublished). The discovery of associative, commutative and unital smash product functors of spectra simplified the definition of T HH and the proof of the corresponding result for E ∞ -ring spectra considerably (e.g. see [14] ).
In this paper we morally prove Theorem A: For n ≥ 2, if R is an E n -ring spectrum then T HH(R) is an E n−1 -ring spectrum.
This result is an easy consequence of the universality of the W -construction of Boardman-Vogt [7] , [18] and an analysis of the tensor product of E n -operads [8] , [12] . The same result has been obtained by Basterra and Mandell using different techniques [2] .
Why "morally"? To define T HH(R) we need R to be a strictly associative spectrum. In general, E n -structures do not have a strictly associative substructure. So we have to replace R by an equivalent strictly associative ring spectrum Y , whose multiplication extends to an E n -structure. Then the statement makes sense for Y . Here is a more precise reformulation of Theorem A.
Theorem B: Let R be an E n -ring spectrum. Then there are E n -ring spectra X and Y and maps of E n -ring spectra
which are homotopy equivalences of underlying spectra such that the E nstructure on Y extends a strictly associative ring structure and the topological Hochschild homology T HH(Y ) inherits an E n−1 -ring structure from Y .
In this paper we will be working the categories T op, T op * , and Sp of kspaces, based k-spaces, and S-module spectra in the sense of [11] . Hence spectrum will always mean S-module spectrum.
1 E n -operads 1.1 Definition: An operad is a topologically enriched strict symmetric monoidal category (B, ⊕, 0) such that
Since the morphism spaces B(m, n) are determined by the spaces B(r, 1) we usually write B(r) for B(r, 1) and work with them. A map of operads f : B → C is a continuous strict symmetric monoidal functor such that f (n) = n for all n ∈ N. It is called a weak equivalence if f : B(n) → C(n) is a homotopy equivalence of spaces for all n. We call it a weak Σ-equivalence if these map are Σ n -equivariant homotopy equivalences. An operad B is called Σ-free if B(r) → B(r)/Σ r is a numerable principal Σ r -bundle.
For technical reasons we sometimes require 1.2 Condition: {id} ⊂ B(1) is a closed cofibration.
Definition:
Let C n denote the little n-cubes operad [6, Chap. 2, Expl. 5]. An E n -operad is a Σ-free operad B for which there exists a sequence of maps of operads
such that each B i is Σ-free and each f i a weak equivalence (and hence a weak Σ-equivalence). 
Let
is a Σ n -equivariant homotopy equivalence over B(n). In particular, it can be interpreted as a cofibrant replacement of B [18] . Given a diagram of maps of operads
/ / D such that B satisfies Condition 1.2 and g is a weak Σ-equivalence, then there exists a lift h : W B → C up to homotopy through operad maps, and h is unique up to homotopy through operad maps. If B is also Σ-free, the same holds if g is only a weak equivalence [7, 3.17] .
This implies 1.5 Proposition: Let B and C be E n -operads such that B satisfies Condition (1.2). Let
be a sequence of weak equivalences connecting them. Then there is a diagram of weak equivalence
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commuting up to homotopy through operad maps. The g i are unique up to homotopy through operad maps. In particular, there exists a weak equivalence W C n → C.
E n -structures are closely related to n interchanging (E 1 = A ∞ )-structures. Let C and D be two operads and X be an object having a C-and a Dstructure. These structured are said to interchange if for each c ∈ C(n) the operation
is a C-homomorphism, i.e. the diagram
X commutes for all c ∈ C(n) and all d ∈ D(m).
The resulting structure on X is codified by an operad C ⊗ D called the tensor product of C and D. Formally, C ⊗ D is the quotient of the categorical sum C ⊕ D in Opr by factoring out relation (1.6). For more details see [7, p. 40ff ].
The crucial input for the proof of Theorem B is the following result, which is a special case of [12, Prop. 2].
Proposition:
Let Ass denote the operad codifying monoid structures. Then Ass ⊗ C n is an E n+1 -operad satisfying Condition 1.2.
Let us sketch the ingredients of the proof. It is implictly shown in [10] that the canonical map
is a weak equivalence. [An explicit proof of a more general result may be found in [9] .] Moreover in [1] it is shown that C n+1 has a cellular decomposition parametrized by the (n + 1)-fold monoidal poset operad (c.f. also [3] and [4] ), and combining this with results cited above, one obtains a similar cellular decomposition for C 1 ⊗ C n .
The tensor products Ass ⊗ C have been analyzed for all operads C in [8] .
From [8, Cor. 5.7] we obtain that Ass ⊗ C n is Σ-free and satisfies Condition 1.2. A more refined analysis in [12] shows that Ass ⊗ C n also has a cellular decomposition parametrized by the (n + 1)-fold monoidal poset operad. The unique map C 1 → Ass induces a map
which is easily seen to be compatible with the cellular decompositions, and thus is a weak equivalence.
2 Algebraic structures on spectra 2.1 The category Sp of spectra is enriched over T op * and complete and cocomplete in the enriched sense (for details see [11, Chap. VII] ). If K, L are based spaces and M, N are spectra we have a natural isomorphism
where F (K, N) is the function spectrum. In particular,
preserves colimits.
2.2
We can form the topological endomorphism operad End M , given by
where M ∧0 = S is is the sphere spectrum. Note that each End M (n) is naturally based.
If C is any operad, a C-structure on M is an operad map
where C + (n) = C(n) + = C(n) ⊔ { * } with basepoint * . This transforms the topological operad C into a based topological operad C + ; the monoidal structure in T op * is given by the smash product. Passing to adjoints a Cstructure on M is given by a sequence of maps
satisfying certain conditions due to the fact that C + → End M is a symmetric monoidal functor.
M together with a given C-structure is called a C-algebra or C-ring spectrum.
To make sense of the interchange diagram (1.6) we have to give M ∧n a Cstructure: If M and N are C-algebras, then the canonical C-algebra structure on M ∧ N is given by the maps
where the first map is induced by the diagonal and the last by the smash product.
Finally we will need
Proposition:
If M * is a simplicial C-algebra, then the realization |M * | inherits a C-algebra structure.
This follows from the fact that − ∧ C(n) + preserves colimits. For details see [11, X. 1.3, X. 1.4].
3 THH of E n -ring spectra 3.1 Definition: Let B and C be E n -operads, let R be a B-algebra and M be a C-algebra. An E n -ring map from R to X is a pair (α, f ) consisting of an operad map α : B → C and a homomorphism f : R → M of B-algebras, where the B-structure on X is the pulled back C-structure.
3.2 Let R → M be an E n -ring map between E n -ring spectra. In view of (1.5) and (1.7) we may assume that it is a homomorphism of W (Ass ⊗C n−1 )-algebras.
For any operad B we have the free algebra functor B from spectra to Balgebras defined by
We now form the monadic bar constructions [11, Chap. XII] to obtain a diagram of E n -ring spectra (here W(C) stands for the free algebra functor associated with the operad W C) is a homomorphism of C n−1 -algebras. We obtain the following generalization of Theorem B.
3.4 Theorem: Let f : R → M be an E n -ring map between E n -ring spectra. Then there is a commutative diagram of E n -ring spectra and E n -ring maps
with the following properties:
1. The horizontal maps are homotopy equivalences of spectra. 
